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Trajectory Design, Feedforward, and Feedback Stabilization
of Tethered Spacecraft Retrieval
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and
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This paper focuses on the final 2 km of retrieval of a tethered subsatellite (TSS) to the Space Shuttle. From
each initial condition a nominal retrieval trajectory is determined, which is implemented with the tether reel and
requires nominally zero thrusting. The retrieval dynamics of the TSS are unstable, and open loop retrieval by
itself is not practical. Consequently, a loop structure is designed that combines feedforward information with
thruster actuated feedback stabilization. The tether-normal thrusters mounted on the subsatellite are used to
stabilize the in-plane and out-of-plane dynamics along the precomputed trajectory. A Kalman filter is used to
estimate pitch and pitch rate from a noisy pitch sensor. This whole design yields fast retrievals, limited primarily
by constraints on docking speed and tether tension. Thruster fuel use is driven by sensor noise, rather than by
the need to remove system angular momentum. Numerical results clearly indicate that, to limit fuel use, system
pitch attitude must be measured with a resolution much better than the 2 deg currently planned.

I. Introduction

I N the past decade the dynamics and control of a subsatel-
lite tethered to the Space Shuttle by a taut, low-mass, long

tether have received a considerable amount of attention.1-2

This system is often referred to as the tethered subsatellite
system (TSS), where the orbiter represents the primary launch
vehicle from which the tether is deployed or retrieved. Early
models of this system have evolved from simple point-mass
descriptions to models that include in-plane and out-of-plane
deformations of the tether and that retain some pertinent dy-
namics of the orbiter.1'3'4

Because a typical mission involves deployment, stationkeep-
ing, and retrieval, the control problem can be divided into at
least three phases, each requiring a different control strategy.
Of the three phases, the retrieval phase is the most interest-
ing since it is inherently unstable in many modes of motion,
including the simplest pitch and roll attitude motion, the tether
length motion, and possibly tether deformation modes. Some
of these modes can be stabilized by using the tether-reel-in rate
for most of the retrieval; however, within about 2 km this leads
to very slow retrievals due to the weak nature of the gravity
gradient torque.5"7 Such slow retrievals are the consequence
of specifying a constant equilibrium pitch angle some dis-
tance—say, 30 deg—from the local vertical and employing
only gravity gradient pitch torques to remove the system angu-
lar momentum.

Tether-normal thrusting can be used to remove the system
angular momentum during retrieval. If such thrusting is ap-
plied to only one of the subsatellites (presumably the less mas-
sive one), then the velocity change Av required for a tether
length change AL is Av = coAL, where co is the orbital rate. This
requires a Av of 2 m/s for a 2-km retrieval in low Earth orbit
(LEO). Tether-normal thrusting can also be used to stabilize
the unstable perturbational dynamics during retrieval. In the
work reported here, instead of attempting to use the thrusters
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to stabilize along some arbitrary retrieval path, a retrieval path
is selected with large and time-varying pitch excursions. The
retrieval path, though unstable, satisfies the pitch dynamics;
without thrusting, stored angular momentum is removed by
gravity gradient torques. The nominal retrieval path is estab-
lished by commanding a specific length-rate profile. Tether-
normal thrusting is used only to stabilize this unstable trajec-
tory, not to remove the angular momentum stored in the
deployed system. The loop structure envisioned is sketched in
Fig. 1; for a given initial condition a retrieval trajectory is
planned. This retrieval trajectory consists of time histories for
tether length L and pitch angle 0 (roll angle </> is always com-
manded to zero.) The length trajectory is implemented with the
tether reel, whereas the pitch trajectory becomes a time-vary-
ing set point for a regulator feedback loop that uses tether-nor-
mal thrusters.

Feedforward trajectories from arbitrary initial conditions
and for docking conditions of zero pitch angle (aligned with
the local vertical), zero pitch rate, and limited impact velocity
are generated. Retrievals for which the tethered system is al-
lowed to tumble are excluded. The feedforward trajectories
presented are motivated by optimal control arguments, and
methods of optimal control are used to discover the existence
of an invariant final approach path or docking corridor, which
the subsatellite must follow in the final minutes (8 min in LEO)
if it is to dock with the specified final conditions. Retrieval
trajectories for arbitrary initial conditions are then synthesized
such that the system is brought onto this docking corridor in
a sensible way.

Feedback stabilization of the perturbational dynamics about
these nominal retrieval trajectories is accomplished using
tether-normal thrusters. Pines, von Flotow, and Redding8 in-
vestigated both an ad hoc phase plane control scheme and a
more formal sliding mode control methodology for stabilizing

Feedforward
Length-Profile-L(t)

J Thruster Control Law for
] Feedback Stabilization

Fig. 1 Block diagram of the retrieval control logic.
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the retrieval dynamics of the TSS by using the orbiter's
thrusters as control inputs. They show that on-off firing of the
orbiter's thrusters in the first approach leads to stable limit
cycles for both pitch and roll dynamics, whereas the sliding
mode method achieves remarkable theoretical performance
for continuous thruster firing. Misra et al.9 used tether-normal
thrusting (assumed to be continuous) and quasilinear control
to stabilize a more complex model, including tether deforma-
tions. In this paper, pseudolinear control laws are presented
and applied to a simple point-mass model. Numerical exam-
ples calculated use system parameters representative of the
planned Italian-American TSS mission.10 A clear result that
emerges is that system pitch attitude measurements are critical;
the currently planned 2-deg resolution in these measurements
is far too coarse to permit fast efficient retrieval with auto-
matic closed-loop stabilization. A bang-bang feedback design
may change this conclusion.

Omitted from this paper is any treatment of proximity oper-
ations. Both subsatellites are modeled as point masses without
attitude dynamics. Docking is defined to occur when the sep-
aration between these point masses reaches some value (taken
as 10 m in numerical work). These simplifications permit use
of a very simple model for the system dynamics, but it is
doubtful whether the results of this study remain valid to very
short tether lengths, lengths comparable to the dimension of
either subsatellite.

Up

Fig. 2 In-plane trajectory.

Up J

Fig. 3 Out-of-plane trajectory.

II. System Dynamics
Much of the interesting dynamics of two small satellites

connected by a taut, low-mass, long tether are described1 by
three equations describing length, pitch, and roll of the system
(the center of gravity of the system is in a circular orbit):

L = L [(6 + co)2 cos(0) + (<«2 + 3co2 cos2(0) cos2(0) - co2] (la)

0 = (0 + co)2 tan(0)0 - 2 - (0 + co) - 3co2 cos(0) sin(0)

<j> = - 2 - j> - [(0 + w)2 + 3u2 cos2(0)] cos(</>) sin(</>) (Ic)

where L is the instantaneous length, 6 the in-plane angle be-
tween the (straight) tether and the local vertical, <f> the out-of-
plane angle between the (straight) tether and the local vertical,
and co the orbital rate (circular orbit).

To understand the basic instabilities during retrieval, it is
instructive to partially linearize these equations. The pitch an-
gle 6 does not remain small since it is directly driven by length
changes. For 0,</><lco, 0<1, the partially linearized forms of
Eqs. (la-lc) are

L = L[(6 + co)2 + 3co2 + 3co2 cos2(0) - co2] (2a)

0 = - 2 - (0 + co) - 3co2 cos(0) sin(0) (2b)
LJ

4> = - 2 - j> - [(0 + co)2 + 3co2 cos2(0)] 0 (2c)

If the length is controlled so that L<0 (retrieval), then the
(L/L) term in the pitch and roll equations is negative, and both
pitch and roll are negatively damped, nonlinear, second-order
oscillators. There is still a small coupling from pitch into roll.

A. Pitch/Roll Dynamics
Equations (la-lc) or (2a-2c) can be integrated forward in

time for particular retrieval rates L(t). The result is a set of
trajectories of the subsatellite with respect to the orbiter, one
for each set of initial conditions. These trajectories are three-
dimensional; typically their in-plane or out-of-plane projec-
tions are displayed. Figure 2 is a sketch of the in-plane com-
ponent of typical trajectories; Fig. 3 is the out-of-plane. The

local vertical/horizontal reference frame is shown reference.
In these figures f represents the damping ratio (negative for
retrieval) of the fully linearized dynamics derivable from
Eqs. (2a-2c) by assuming 6< 1. The open-loop trajectories are
unstable and in the final stages of the retrieval encircle the
orbiter.

The most interesting dynamics occur in pitch. Two compet-
ing mechanisms drive the equilibrium (0 = 0 = 0). Gravity gra-
dient provides a torque restoring the configuration to the local
vertical. Coriolis acceleration drives 0, depending on the prod-
uct coL/L. For low enough relative length rates, equilibrium is
given by

'EQUIL = 3 coL (3)

and during retrieval the pitch angle oscillates with growing
amplitudes about this time-varying equilibrium. We call this
the spiral region.

For too large a relative length rate, Coriolis acceleration
overcomes gravity gradient and no equilibrium is achieved, so
that | 0(01 is an increasing function of time. We term this the
divergent region.

B. Length Dynamics
Tether length is directly controllable with the reel/deployer

in the orbiter pay load bay. This control authority is subject to
the important physical constraint that the tension remain pos-
itive. An expression for the tension is given by (ignoring tether-
aligned thrusting)

T_
m.

- (</>)2 + 3co2cos2(</>) cos(0) - co2] - L (4)

where ms is the mass of the subsatellite. If the tension in the
tether is zero at any phase during the retrieval, the tether goes
slack.

III. Trajectory Design
The envisioned feedforward retrieval trajectory has several

characteristics:
1) It is implemented with the tether reel only; thus, it sat-

isfies Eqs. (la) and (Ib), with the reel providing a specified
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length time history L ( t ) . Tether-normal thrusters are not used.
2) The tether tension must remain positive. This limits the

rate at which one can decelerate a reel-in velocity. The deceler-
ation force is given either by gravity gradient tension or by a
tether-aligned thruster that may be present.

3) When the docking length is reached, the pitch and roll
angles 0 and </> and their rates 6 and </> must all be practically
zero.

One might formalize these specifications into a cost function
or set of constraints and apply numerical methods to find an
optimal trajectory. Indeed, we will report on such work, more
fully presented in Ref. 11. It is useful first to consider a more
heuristic discussion.

A. Heuristic Discussion of Retrieval Trajectories
Before solving for the optimal length-rate profile, it is in-

structive to understand the characteristics of possible optimal
retrieval trajectories in both the phase plane and the local-ver-
tical-local-horizontal (LVLH) planes. In the phase plane it is
instructive to examine pitch motion (roll will be similar) for
various constant values of relative retrieval rate ratios L/L.
Since L/L is actually time-varying, the actual phase-plane tra-
jectories will be a continuously changing blend of those shown
here.

Inspection of Eq. (2b) and comparison with the standard
form for a second-order linear oscillator equation

(5)

suggests that the pitch motion will consist of growing oscilla-
tions with natural frequency

(6)

(7a)

These pitch oscillations occur about the time-varying equi-
librium angle 0EQuiL(0 given by Eq. (3). This viewpoint re-
mains valid for slow length changes f | < 1, but for rapid re-
trieval or for short lengths, the motion changes character; the
pitch angle diverges monotonically in time. The boundary be-
tween these motions is predicted linearly by

and with an exponential envelope given by

L

-=V3o,,
J—i

r= -
Figure 4 shows several numerically generated phase plane
portraits of the pitch dynamics [Eq. (lb)] for several constant
values of the damping ratio f. Although the equilibrium points
disappear for f< -V3/4= -0.433, (the gravity gradient
torque can no longer equilibrate the Coriolis torque), the phase
plane portraits for |0| <^ 1 remain practically identical to those
predicted by the linearized analysis. In particular, the "split-
ting line" in Fig. 4b is predicted by linearized analysis to be the
line

0 = (0-1.0)V3co (7b)

This is clearly a good approximation for |0| < 1.
With the insight afforded by these phase plane sketches, it

is possible to infer characteristics of the retrieval trajectory
shortly before docking at 0 = 0 = 0. Since the relative length
rate ratio (L/L) commanded by the tether-reel-in controller
appears explicitly in the damping term of the pitch dynamics,
there can exist at most three possible optimal retrieval path
scenarios:

1) The phase plane trajectories can remain strictly spirally
divergent, (| f | < 1). This would correspond to an oscillatory
retrieval with many cycles occurring before docking. Such tra-

jectories correspond to very slow retrievals, with length de-
creasing exponentially in time.

2) The phase plane trajectories can be strictly divergent,
(| f | > 1). This applies to a restricted class of initial conditions,
which all begin with 0>0, 0<0. Retrieval along such nominal
paths are fast and are only possible if Lf <Lmax/u.

3) The optimal retrieval path can be a composite blend of
the spiral and divergent dynamics. For part of the retrieval the
pitch dynamics are oscillatory. The final segment, however,
diverges as it approaches the final docking condition.

Of the three possible optimal retrieval scenarios, the third is
the most general and is likely to occur for typical initial lengths
and length speed limits |Lmax |. Since the desired docking condi-
tions are taken to be zero pitch angle and pitch rate, the final
approach path that each composite optimal trajectory follows
can be displayed in the phase plane by realizing that, shortly
before docking, the trajectory will become divergent when f
becomes - 1. Assuming a constant velocity for this short por-
tion of the retrieval (we call this portion the " final approach
path"), the duration of the approach path can be approxi-
mated from the following equation:

^approach —
Lf-L 'switch

(8)

where Lswitch is the length of the tether when spiral trajectories
become divergent. From the phase plane analysis presented
earlier, this transition occurs when f = - 1 or when

-^switch = ~ (9)

b) Pitch Angle-(Degrees)

Fig. 4 Pitch phase plane portraits for specific values of the damping
ratio f: a) f= -0.10, b) f= -0.70.
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Fig. 5 A typical retrieval that ends with little pitch, and pitch rate
terminates on an invariant final approach path. This final approach is
preceded by a number of diverging oscillations, the number depending
primarily upon the initial length and the maximum allowable retrieval
rate. T0 is the period of natural oscillation.

u=L

"max

Fig. 6 The length acceleration will be bang-bang during the final
retrieval with maximum allowable values. Only one switch is antici-
pated.

where Lf has been taken to be zero. Substituting for Lswitch
in Eq. (8) and assuming that Lf is negligible, the duration of
the final approach trajectory is

_ 1
'approach - (10)

Analysis of the phase plane for f = - 1 implies that, at the
instant of switching to divergent dynamics, pitch angle and
pitch rate are approximately

> = 1 rad, 0= -0.16co (11)
To achieve this desired approach path from any arbitrary

initial condition, the retrieval trajectory may undergo a few
oscillations as length rate is adjusted to all of the system trajec-
tory along the final approach path (see Fig. 5). The number of
oscillations required will depend on the initial length and the
maximum allowable retrieval speed, since these two parame-
ters approximately specify the retrieval duration. However,
retrieval is not possible from all initial conditions. For those
initial conditions beginning outside the circle defined by

(12)

convergence cannot be achieved unless the tether is first length-
ened to slow down the pitching motion.

B. Formal Trajectory Optimization
Assuming that the tether-reel can be commanded to track a

specific length profile L ( t ) , one way to restrict the behavior of
the retrieval near docking is to find the nominal length L(t)
that forces the pitch dynamics along an equilibrium path all of
the way to the final docking conditions. In addition, the tether
reel must enforce retrieval such that the tether tension remain
positive (no pushing allowed): 1) T(t\>Q9 and the impact
speed not exceed some safe limit: 2) -Lmax<L(//)<0.

This can be done by formulating a quadratic cost of the
following form

J(tf) = <l>[x(tf)9tf]

^ + <*L (13)

where a > 0 is a penalty used to ensure that constraint 2 is met.
To be able to take into account inequality constraint 1 on the
tension, the control must appear either in the expression for T9
Eq. (4), or in its derivatives (see Ref. 12). Since T depends on
the second derivative of the length, the control u ( t ) is taken to
be the acceleration L(t). Choosing a state-space realization for
the system dynamics with the state vector x defined as

xT=[xlx2x3x4]T=[6eLL]T

allows writing the pertinent dynamic equations in first-order
state space form:

x=f(x9u) (14)

Where the 4x1 vector f(x,u) is the state space representation
of Eqs. (2a) and (2b), the optimal retrieval problem can be
stated as follows: find the control history u ( t ) that maximizes
the Hamiltonian H(x,u,t) given by

(15)

where X are the costates, and jit = 0 i f r > 0 o r / > t > 0 i f r < 0 .
The first derivative of the Hamiltonian with respect to the
control u is given by

U = X4 + //. (16)

where X4 is the costate associated with the length rate x4. Hu
does not depend on the control. Consequently, the control is
bang-bang. If A4 + />t>0, then u = wmax. On the other hand, if
X4 + /z<0, then u=umax. At the beginning of the retrieval,
typically u = wmin in order to accelerate the subsatellite toward
the or biter. \umin\ is determined by the allowable tension that
the tether system can impose, whereas Mmax should be chosen
to be a value safely below the acceleration that will cause the
tether to become slack. If 0 and 6 are small, the constraint on
the tension may be written as (for the tether aligned thrusting):

-L>0 (17)

Therefore, the constraint will never be violated as long as

= "max (18)

a)
0.2 0.4 (

Pitch Angle-(Radians)

-200 -100 0 100 200 300 400 500 600

b) Fonvard-(m)

Fig. 7 Optimal phase plane trajectory (a) and optimal in-plane tra-
jectory (b).
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If we adapt values for wmax and wmin that are invariant with
time, then the optimal control will consist of a set of switch
times from L(t) = umax to L(t) = «min. The simplest retrieval
(and also perhaps intuitively obvious) involves only one
switch; retrieval begins with maximum acceleration toward the
orbiter and continues with a long period of maximum deceler-
ation to slow down for docking. The simplest optimization will
then consist of selecting only the one unknown parameter, the
switch time ts. That this simplification is valid has been con-
firmed numerically by solving the two-point boundary value
problem, with results presented in Ref. 11.

C. Representative Trajectories
The preceding analysis has argued that a sensible trajectory

would employ maximum allowable length acceleration and
deceleration and that only a single switch would occur; the
retrieval begins with a short acceleration and then decelerates
for the entire remaining time at the maximum allowable rate so
that docking occurs with an acceptable impact speed. Figure 6
makes this statement graphically. The figure includes the as-
sumption that the acceleration limits are constant, indepen-
dent of length, and we have used this assumption in numerical
examples. The acceleration time history must be such that the
docking speed (when L = £/) is in the range Lf € (Lfmax,Q).
Thus, ts with

•(Lo-1

\

—— (Lo-Lf)

"min
(19)

L Final Length Rate

Initial Length Rate

Impact Speed Constraint

Fig. 8 Feasible region for constant acceleration retrieval, in which
the initial and final length rates parameterize the retrieval.

f Final Length Rate
^i Initial Length Rate

Fig. 9 Cost function for constant acceleration retrieval, particular
initial condition.
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Fig. 10 Zoom of cost function in region of first minimum for a
constant deceleration retrieval, with initial conditions defined in the
text.

The stopping condition is L(t) = Lf=lOm. For an optimal
ts, the total time of retrieval tf is given by

(20)

and the impact velocity by

Lf = - "max

min min 2 (r r x
I ~ 5 ~~ ^ ° ~ f'

(21)

A computed example follows, with numerical parameters
relevant to the final 2-km retrieval of the Italian-Ameri-
can TSS.10 We take arbitrary initial conditions, L/ = 2000 m,
0(0) = 0.3 rad, and 6(0) = 0.1 co rad/s, and somewhat arbitrary
constraints, um[n= -0.1 m/s2, umax = 3 x 10~5 m/s2, and L/max
= — 0.5 m/s. Docking is defined to occur when L =Lf = 10 m.
The optimal retrieval [in the sense of minimizing the cost,
Eq. (13)] uses ts = 3.84 s; the reel accelerates in the first 3.84 s
to a retrieval velocity of L f ( t s ) = -0.384 m/s and decelerates
uniformly thereafter, docking with an impact velocity of
-0.17 m/s. The retrieval duration is 7300 s, 1.15 orbits.

Figure 7 shows the retrieval trajectory in the phase plane and
in the local vertical/local horizontal coordinates. The subsatel-
lite performs one period of pitch oscillation before starting the
final approach. The maximum pitch excursion is 1 rad and
occurs just before the trajectory enters the approach corridor.

The final path leaves the "splitting line" too late to be able
to reach the point (0,0) in the phase plane. In this case, Bf =
-0.20 rad and d f = -4.44x 10~5 rad-s"1 with Lf=-l.61uf~-
m • s ~ l . It turns out that the optimal problem as stated does not
enable us to reach our target point (0,0).n

D. Open Loop Sensitivity
The preceding section has argued that the length rate, for

constant acceleration constraint, will be a linear function of
time. The very brief period of initial acceleration (3.84 s in
the computed example) is negligible; one can approximate
the length time history as beginning at t = 0 with an initial
speed L(Q) = (umin*ts), followed by a constant deceleration.
Figure 8 sketches the feasible region, parameterized by ini-
tial and final retrieval rates. The shape of the cost function
in this region with the initial conditions 0(0) = 0.3 rad and
0(0) = 0.1 co rad-s"1 is given by Fig. 9. This three-dimensional
plot of the cost function shows that peaks and valleys alter-
nate. The valleys almost follow the direction of constant re-
trieval time. In fact, each valley corresponds to the number of
orbits the path performs in the phase plane in the spiral region.
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Granularity Disturbance Ndse

Fig. 11 A linear time-varying feedback control loop.
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Fig. 12 Comparison of LQG closed-loop pitch retrieval response
with slow (a) and fast (b) estimators. A 1% error in the pitch initial
conditions is assumed.

A minimum time recovery corresponds to a minimum number
of orbits, which is one. Visual inspection of Fig. 9 leaves the
impression that the first valley is the ''broadest," suggesting
that fastest possible retrieval will be the least sensitive.

The unstable nature of the system results in a high sensitivity
of the trajectory to parameter variations. Figure 10 gives a
zoom of the cost function in the region of the first minimum.
Note that a 1% variation in the switch time (alternatively, the
initial retrieval speed) leads to very different costs and also to
very different trajectories. The retrieval instability is such that
the tolerance on retrieval parameters for open-loop retrieval is
unrealistically small. Most of this sensitivity is due to the very
strong instability in the final phases of the retrieval, when the
trajectory is balancing along the splitting line of the phase
portraits of Fig. 4.

This high sensitivity to small errors in retrieval trajectory
and initial conditions supports the use of tether-normal thrust-
ers to force the subsatellite along the nominal retrieval path all
of the way to docking. Furthermore, since the initial condi-
tions are unlikely to be determined to within 1% and the
retrieval rates cannot be controlled as tightly either, there is
little practical utility in calculating optimal retrieval trajecto-
ries that depend upon fine details of the initial conditions.
Rather, it would be useful to precalculate a few nominal re-
trieval trajectories, each suboptimal but approximately appli-
cable to some large portion of the space of initial conditions.
These retrieval trajectories each would be specified by a few
parameters. In operation, upon observation of the approxi-
mate initial conditions, one of these feedforward trajectories
would be selected, and feedback would be used to drive the
actual trajectory toward this nominal one.

IV. Feedback Stabilization
The preceding section has discussed nominal retrieval tra-

jectories and the need for feedback stabilization. Figure 11
presents our concept of this feedback loop. Here the "plant"
represents the perturbational dynamics in pitch and in length.
For purposes of feedback control design, we view these dy-
namics as linear time-varying and consider the coupling be-

tween length and pitch. This coupling is two-way, but the most
important direction, particularly for short lengths, is from
length dynamics into pitch dynamics. Any length maneuvers—
say, due to length disturbances or due to length sensor noise—
then drive the pitch dynamics. In spite of this, the feedback
control presented in this paper is based on the assumption of
decoupled dynamics. For a more complete discussion of this
point and for feedback design for the coupled dynamics of
pitch and length perturbations, refer to Ref. 11.

A. Pitch Dynamics Feedback Stabilization
With reference only to pitch dynamics, the plant in Fig. 11

satisfies (where 0 and 0 are now perturbational quantities)

f-1-M
0 1

LN(t)
(22)

can be used for pole placement. A choice of

where 0N(t), LN(t), and LN(t) are the nominal pitch, length
rate, and length time histories and ue the translational acceler-
ation of the subsatellite due to tether-normal thrusting. Al-
though only system attitude 6 can be directly measured, here
we discuss full state feedback and postpone discussion of sen-
sors and state estimation to a subsequent section.

The perturbational dynamics are linear but time-varying. If
one intends to gain schedule, then linear feedback of the form

(23)

(24a)

(24b)

leads to time-invariant closed-loop perturbational pitch dy-
namics with a damping ratio of 6 and a crossover frequency
coc. Note the explicit time dependence of these feedback gains;
they tend to decrease with the length, offsetting the increase in
pitch control authority of the tether-normal thruster. Values
of <5 = 0.70 and coc = 10~2 rad/s are reasonable first guesses for
the desired closed-loop dynamics. The closed-loop bandwidth,
roughly coc, must be selected as a compromise between pitch
sensor noise and disturbance rejection. Another limiting factor
is the desire to avoid actuator saturation in response to errors
in initial conditions.

For the purpose of linear regulator design, it would be con-
venient to be able to command a continuously varying level of
thrust. The available thrusters for the TSS are on-off devices,
but continuous thrust level may be approximated by fast puls-
ing with pulse width modulation. The pulsing period AJmust
be short compared with the system characteristic time constant
so as to approximate reasonably the effect of continuous
thrusting. If ue(t) is the continuous acceleration level com-
manded by the regulator and us the constant acceleration level
available, the firing duration At for a pulsing interval AT is
given by

A/ = — I u(t)dt
us Jo

(25)

yielding the same impulse. Since At is lower than AT, the
average value of requested thrusting must always be lower than
the available constant thrust level. Simulations reported in
Ref. 11 have shown that pitch errors as small as 1 deg at a
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Fig. 13 Nonlinear retrieval simulation using gain scheduled LQG methods with an extended Kalman filter to update estimator gains throughout
the duration of the retrieval. Simulation results shown for a 1% error in pitch initial conditions: a) in-plane trajectory, b) phase plane trajectory,
c) pitch error with respect to nominal trajectory, and d) pitch control history along the retrieval.

length of 2 km during a typical retrieval will lead to feedback
commands that saturate this thruster. This suggests that the
feedback bandwidth may have to be reduced, although the
chosen value of coc = 10~2 is already only 10 times slower than
the typical retrieval duration.

B. Pitch Sensing and State Estimation
The envisioned pitch sensing system on the Italian-American

TSS employs orbiter-based line-of-sight measurements to the
subsatellite together with knowledge of the orbiter LVLH atti-
tude. The line-of-sight sensor is a Ku band radar, with a reso-
lution of ±2 deg,13 much worse than the uncertainty in the
orbiter attitude. This section investigates the possibility of ex-
tracting reasonable state estimates for 6 and 0 from this sensor.
Traded against this measurement noise are errors in the plant
model, nonzero initial errors in the state estimates, and a dis-
turbance spectrum that we here attribute entirely to unpre-
dictable thrust granularity.

We would like to use Kalman filter theory to make an opti-
mal choice in the trade between sensor noise and plant distur-
bances. To this end, we convert the sensor specification of
2 deg precision into an "equivalent white noise'' with a vari-
ance of l/3 deg2 (Ref. 14). Gas jets on the subsatellite give a
constant thrust of 2N nominal. For a total mass m = 500 kg,
the resulting acceleration is us=4x\0~3 m-s~ 2 . The time
granularity of this on-off system is 80ms, leading to a Av
granularity 3.2xlO~4 m-s"1 per thrust pulse. To turn this
into an acceleration disturbance requires knowledge of the
thrust pulse interval AT. Here we arbitrarily assume a very
high acceleration disturbance o f8 .5x !0~ 7 m 2 - s~ 4 and, thus,
an equivalent "white noise disturbance" with a variance of
3.2x 10-V2.58 m-s-2 .

Inserting these values into the perturbational dynamics [Eq.
(22)] and solving for the steady-state Kalman estimator yields
heavily damped estimator poles of (-0.8±0.9/)x 10~2rad/s
comparable to the anticipated closed-loop bandwidth.11 Were
we to use more realistic, lower levels of acceleration distur-
bance, these estimator poles would be even slower. This means
that the estimator ignores the sensor and relies almost entirely
on the dynamics to reconstruct the states. This is due to the
fact that plant noises are small compared with sensor noises.

It is tempting arbitrarily to assign estimator dynamics to be
much faster. This goal must be tempered by the realization

that the state estimates will be correspondingly sensitive to
sensor noise. Reference 11 compares the preceding estimator
with one 25 times faster (poles at -0.2±0.2/ rad-s"1), in a
linear time-varying simulated retrieval in which only the
perturbational dynamics [Eq. (22)] are modeled. In this sim-
ulation, the closed-loop response with the slow estimator is
much more acceptable than with the fast estimator. Steady-
state pitch excursions are lower (below 0.1 deg), and the sup-
pression of initial condition errors are acceptable (Fig. 12a).
The fast estimator leads to large pitch excursions (several de-
grees), larger than the sensor resolution and larger than the
1-deg initial condition being simulated (Fig. 12b). The feed-
back control system responds almost only to sensor noise, even
amplifying it.

V. Nonlinear Retrieval Simulation
This section reports a simulation of pitch dynamics, based

on the nonlinear equation of motion, Eq. (Ib). The feed-
forward trajectory is imposed as discussed in Sec. Ill, with
an initial brief interval (approximately 6 s) of high tension,
followed by a long interval of constant, slight deceleration.
Docking occurs after about 0.57 orbits (3600 s) with a docking
speed of 0.5 m • s ~ l . The estimator uses the nonlinear equation
of motion [Eq. (Ib)], but new Kalman estimator gains are
computed along the retrieval trajectory, based on the linear
perturbational dynamics of Eq. (23) and ignoring the time
variation in these dynamics. The slow estimator of Sec. IV.B
is employed.

Initial conditions are 0N(0) = 53 deg, 0^(0) = 4.5 X 10~4

rad-s"1 (0.39 times orbital rate), LN(0) = 2000m, and LN(0)
= 0.0. Initial conditions on the perturbations are 0(0)
= 0.8 deg, 0(0) = 9.7 x 10~6 rad-s"1 (about 1% of orbital rate),
L(0) = 20m, and L(0) = 6x 10~3 m-s-1 . The pitch dynamics
are feedback stabilized, as discussed previously.

Figures 13a-13d present simulated results. Although the
performance indicated by these simulated results is encour-
aging (the initial pitch error decays without overshoot and
thereafter stays less than 0.05 deg), the control effort ex-
panded is unacceptably high. Figure 13d indicates that the
pitch control thruster is firing continually, consuming fuel in
the amount of 680 m-s"1 , much greater than the 2 m/s saved
by introducing the feedforward nominal retrieval trajectory.
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These results suggest several things:
1) The pitch sensor should be drastically improved.
2) The feedback bandwidth might be reduced, but errors in

initial conditions will decay more slowly.
3) A feedback limit cycle design similar to that reported in

Ref. 8 seems promising. The deadband chosen should take
both thruster and pitch sensor characteristics into account.

VI. Summary
The major contribution of this paper is the suggestion that

tether retrieval maneuvers be guided by a strategy of trajectory
planning, feedforward, and feedback stabilization. The tether
reel should be used as the feedforward actuator, establishing a
nominal but unstable retrieval trajectory. Tether-normal
thrusting should be used for feedback stabilization.

The paper has presented a first pass through the entire re-
trieval problem. For fast retrieval without spinup of the teth-
ered system, we report an invariant final approach corridor
that the trajectory must follow. We suggest some strategies for
generating nominal retrieval trajectories and compute several
from arbitrary initial conditions. Retrieval times of less than
one orbit are typical, with the limitation on retrieval time given
primarily by limits on docking speed and limits on length rate
deceleration (tether tension).

Feedback stabilization of the pitch dynamics during re-
trieval is based upon the linear time-varying perturbational
dynamics. The paper presents pseudolinear control designs,
using gain-scheduled state estimation from a noisy pitch sensor
and gain-scheduled feedback of these state estimates to a
tether-normal thruster. The thruster uses pulse-width modula-
tion to imitate continuous control. Several conclusions
emerge:

1) The resolution of 2 deg in the pitch sensor should be
much improved.

2) The arbitrarily chosen feedback bandwidth of 10 ~2

rad-s"1 may be too high.
3) The feedback design should be repeated using bang-bang

techniques to design a limit cycle.
This paper suffers from using too simple a model of the

dynamics. An important neglected effect is the internal flex-
ible dynamics of the tether, particularly with bang-bang
thruster maneuvers of the subsatellite. Also important but
neglected in this paper are the attitude dynamics of the sub-

satellites, particularly during proximity operations and during
docking impact.
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